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ABSTRACT 
A theoretical analysis of a fabricated steel tubular column 
subject to combined axial load and biaxial bending moment is currently 
underway. Before a long column can be analyzed, it is necessary to 
derive the moment-axial load-curvature relationships for such a column. 
Fritz Lab Report No. 393.2 presents a "first try" at the derivation of 
these relationships, and this report presents an improved derivation. 
In particular, allowance has been made for relieving of 
circumferential residual stresses due to applied longitudinal loads 
on an elemental area, i.e., a "Poisson's ratio effect" has been 
included. Thus, an elemental area of cross-section has a reserve loading-
carrying capacity, despite the fact that the Tresca yield criterion 
adopted might indicate that the material has yielded. An approximation 
to the theory of plasticity has been utilized to allow continued use 
of the basic formulae presented in Fritz Lab Report No. 393.2. 
' ' 
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1. INTRODUCTION 
Fabricated steel tubular columns are frequently used·as 
supporting members for off-shore oil-drilling structures. In such 
circumstances they may be subjected to .axial load as well as biaxial 
bending loads. 
Classically these columns are formed from flat steel plate 
which is rolled into a cylindrical shape by a cold-rolling, fully-plastic 
bending procedure. Because of manufacturing limitations such cylindri-
cal formations are usually about ten feet long. The rolling of the plate 
brings together two opposite edges of the plate and this joint is 
then welded to form a longitudinal seam in a cylindrical "can". A 
number of such "cans" are welded together end-to-end to form the re-
quired column. Both longitudinal and circumferential welds (between the 
cans) are full-penetration, multi-pass welds. 
It can readily be seen that this process of manufacture 
results in the inclusion of significant residual .stresses in the com-
pleted column. Not only are those stresses of significant magnitude, 
but they are of a highly complex nature, and in at least two directions 
on a particular element of material within the column wall. 
This report presents the results of the first stage of the 
theoretical investigation contemplated. It is based on a computer model 
of a tubular cross-section subjected to axial load and biaxial bending 
moment, and it has as its object the production of realistic moment-
axial load-curvature (m-_p':'~) _curves for such a cross-section. The 
. . ... . . 
analysis of a short (unit length) column does not allow examination of 
'. 
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the effects of long-column out-of-straightness of th~ effect of the 
circumferential welds between cylindrical column "cans". However, the 
short column analysis does permit an investigation of the effect of 
residual stresses induced during plate rolling and also an examination 
of the welds along the longitudinal column seams. 
-2 
In the F.L. report 393.2 a theoretical analysis was presented 
which was a "first attempt" to produce m-p-~ curves. With the help of 
the project committee, the program developed has been modified to 
produce more realistic curves. The derivation of these is discussed 
herein. 
393.2A -3 
2. THEORETICAL ANALYSIS 
2.1 Method of Analysis 
Santathadaporn and Chen (1) developed a computer program for 
analysis of a short biaxially-loaded H-column, using the tangent stiff-
ness method. A similar method was evolved for the tubular column 
although extensive modifications were necessary to permit the inclusion 
of two-dimensional residual stresses. For completeness, the basic 
equations are presented below. 
For a biaxially loaded column the appropriate generalized 
stresses for use in analysis are bending moments M and M and axial 
X y 
force P, where the x- and y- axes are perpendicular and in a plane 
perpendicular to ~he longitudinal axis of the column. The corresponding 
set of generalized strains are bending curvatures ~ and i and axial 
X y 
strain e . The following vectors of force and deformation are thus defined: 
0 
(f} = 
[x} 
-M 
X 
M y 
-P 
t y 
e 
0 
The generalized stresses and strains are shown in Fig. 1 in positive 
(1) 
(2) 
directions. The orientation of axes X and Y are defined by the position 
of the longitudinal weld, marke~ arbitrarily in Fig. 1. The object of 
the analysis is to derive the deformation history of the cross-section 
given its loading history. 
. \ 
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Since plastic behaviDr depends on the previous load history 
of the structure, it is possible only to establish the relationship 
between the infinitesimal generalized stress increments (f} and the 
. 
corresponding infinitesimal generalized strain increments [X}. 
Santathadaporn and Chen (1) showed that the following relation~ 
. . 
ship between [f} and [X} may be derived for a particular column cross-
section: 
-M Qll X 
M = Q21 y 
Q31 
. 
or f f} = 
In Eq. (3) Q .. is defined as 
1J 
Ql2 Ql3 
Q22 Q23 
Q32 Q33 
(Q] [x} 
Q22 = J E x2 dA 
Q33 "" s E dA 
Ql2 = Q21 = s E xy dA 
Ql3 = Q31 ·= - J E y dA 
Q23 "" Q32 = - s E X dA 
where 
~ 
X 
~ y 
e 
0 
-: 
E = Young's modulus of elasticity for the material 
A = area of cross-section 
· x,y = co~rdinates of elemental areas, dA~ or the cross-section, 
measured from the shear center of the section. 
(3) 
(4) 
(5) 
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The above set of simultaneous equations was derived for the 
whole cross-section but, of course, the computer performs integration 
by a process of summation, and so the cross-section is divided into 
elemental areas, as shown in Fig. 2. Each elemental area is then 
considered separately, and, as we shall see, has its own independent 
performance under the action of two-dimensional stresses. 
For the special case when the entire cross-section is within 
the elastic stress range it can be seen from Eq. (5) that 
( i:# j) (6) 
The moment-curvature relationships are derived by varying 
only one of the variables of ff} at one time (i.e., creating a known 
0 0 0 
(f}), and iterating to a solution for (X}. Addition of fx} to [X} 
yields a new fx}. This process continues until the known applied loads 
(f} are in equilibrium with the derived displacements (X}. 
2.2 Preliminary Conditions and Assumptions 
Initially it was assumed that the material was elastic-
perfectly-plastic and that the Tresca Yield Condition was valid. 
However, some problems were experienced with these, and subsequent 
modifications to these assumptions are discussed more fully in Sec. 2.4. 
It was also assumed that elastic unloading of yielded material could 
be ignored. 
In order to provide a reference for moment calculation the 
computer program first calculated the fully plastic bending moment of 
a tubular cross-section given by 
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where 
M = Z cr p p y 
Z = plastic section modulus p 
For a thin-walled tube, Z is given by 
p 
where 
t = wall thickness of the cross-section, and 
D = outside diameter of cross-section. 
0 
-6 
(7) 
(8) 
Similarly, a reference for curvature calculation is required, and this 
was taken to be the curvature at first yield of a cross-section under 
uniaxial bending, given by 
where 
i = x, y axis 
t. = 1Y 
2 
D 
0 
For applied axial loads the reference load was taken to be 
p = cr • A 
max y 
and the corresponding reference axial strain is taken as the strain 
at this load; i.e., 
e y 
(J 
.,......:t.. 
E 
(9) 
(10) 
(11) 
In the introduction it was mentioned that the consideration 
of a short tubular column did not enable consideration to be made of 
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column out-of-straightness, i.e., a perfectly straight column is con-
sidered, of uniform section.al properties. Furthermore, for this 
analysis a constant column cross-section, both in shape and area, has 
been assumed. The "short column" assumption is known to have signi-
ficant effect on the moment-axial load-curvature (m-p-~) curves pro-
duced, but it is not possible at this stage to explicitly gauge the 
effect of the other two assumptions. 
2.3 Inclusion of Residual Stresses 
The problem of the inclusion of the residual stresses in 
-7 
the analysis is vital, as it is this factor which renders the problem 
non-trivial. Furthermore, the effect of the interaction of the 
"locked-in" rolling stresses and the residual stresses induced by longi-
tudinal welding is largely unknown. 
At date of writing, however, the exact magnitude and distri-
bution of residual stresses in a prototype column is unknown. Exp·eri-
ments are currently being conducted in order to determine these more 
accurately, but the program deve~oped includes the best available 
estiniates of these stresses, and provision has been made for more 
accurate predictions to be included when these become available. The 
current estimates are based partly "on expected behavior, and from these 
predictions are made about the nature of prototype column behavior. 
The circumferential (or through-the-thickness) residual stress 
distribution assumed is a product of classical theory of plastic beha-
vior. When a flat plate is rolled to form a cylindrical can it is 
assumed that fully-plastic deformation is induced in the material, 
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with a stress distribution shown in Fig. 3a. (Positive stresses are 
taken as stresses in compression, for convenience.) The rolled plate 
is then "released" and allowed to "spring back". It is assumed that 
it must elastically unload, with a stress distribution similar to that 
shown in Fig. 3b. The maximum fiber stress is taken as 1.5 cr (where y 
cry is the yield stress of the material), because the bending moment 
applied to the plate must be released. Addition of the stress distri-
butions shown in Figs. 3a and 3b yields the distribution shown in Fig. 
3c, which is the assumed circumferential residual stress distribution. 
The longitudinal residual stress distribution due to the 
longitudinal welding procedure is still a matter of some controversy. 
The assumed distribution is based on Marshall's (2) conjectures, but 
it is anticipated that more accurate predictions will sonn be available. 
The assumed distribution is shown in Fig. 4b. This is a flat surface 
projection of a cylindrical shape, cut as shown in Fig. 4a. 
Clearly, it is a relatively simple matter to insist that the 
resultant longitudinal residual force is zero (i.e., a summation of 
residual stress x elemental area is zero), but it is not immediately 
clear whether the distribution of stresses put the section in moment 
equilibrium. However, the program calculates the out-of-balance moment 
on the section and, since it has a maximum of about 0.6% M , it is p 
recorded and neglected. This being the case, it does not seem to be very 
critical which orientation the weld has with respect to the applied 
bending moment, but its maximum effect is with the weld in a high tension 
or compression zone. (Actually~ for the distribution assumed, the 
393.2A 
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compression area near the weld controls performance, and so a reduction 
in ultimate moment occurs when the weld is put in compression.) 
2.4 Two-Dimensional Stress Interaction 
With the inclusion of residual stresses in two directions 
it became necessary to adopt a two-dimensional material yielding 
criterion, and for this purpose the.Tresca yield criterion (see Fig. 6) 
was adopted. An alternative method would have been to use von Mises' 
yield criterion, but since the maximum difference between the two 
criteria is 8%, the choice of yield criterion is not considered to be 
critical. 
Another important facet of the analysis is that elemental 
stresses in two directions (i.e., longitudinally and circumferentially) 
are linked by a Poisson's ratio effect. As the longitudinal stresses 
are applied (whether by applicati~n of axial load or of bending moment) 
the circumferential stresses will be effected, i.e., an increase in 
compression longitudinal stress produces a circumferential stress 
(approximately equal to longitudinal stress multiplied by Poisson's 
ratio) which increases circumferential compression stress and decreases 
circumferential tension stress. This interaction causes problems in 
the analysis when either the longi~udinal stress is.tensile and the 
circumferential stress is compressive or vice versa, because·in chese 
regions the Tresca yield surfaces are at 45° to the principal stress 
axes. Not only will this interaction affect the stress state at which 
the element yields, but it will obviously affect the subsequent loading 
history of each particular element. 
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In the ~lastic range of material behavior the elastic Poisson's 
ratio (0.25 for steel) was assumed to be adequate. However, in the in-
elastic range of structural behavior, the case is somewhat different. 
When both circumferential and longitudinal stresses are either in tension 
or compression, then the Tresca yield condition indicates that the 
limiting stress is the yield stress, beyond which the element can assume 
no more load, but merely deforms plastically. However, in the tension-
compression areas of the Tresca yield diagram,a yielded element has 
not necessarily reached its maximum load carrying capacity. It was 
assumed that the element stress condition was such that, as the elemental 
stress state changed, the element still remained in a yielded condition, 
but merely shifted its position on the sloping lines of the Tresca yield 
diagram. For this to be so a Poisson's Ratio of 0.5 is necessary, and 
the limiting longitudinal stress is, eventually, the yield stress of 
the material. 
So far we have examined the assumptions by which the increase 
in load-carrying capacity (if any) of a yielded element is assessed. 
However, we have not yet determined how this will affect the section 
curvature. Once an element has reached its yield stress it is assumed 
to present no further resistance to section curvature--a product of the 
elastic-perfectly-plastic material behavior assumption (i.e., material 
strain hardening effects are ignored). However, an element which has 
yielded in either of the tension-compression zones of the Tresca yield 
diagram does still have some resistance to increased section curvature, 
although this resistance is somewhat reduced from its resistance while 
still in the elastic range of material behavior. -
393.2A 
-11 
A rigid theory of plasticity solution requires the strain 
vector for a yielded elemen·t to be perpendicular to the yield surface 
assumed. However, a solution of this type is complicated, and does not 
become readily accommodated in the expressions of Eq. (5). A pre-· 
examination of Eqs. (5) shows that those expression were derived for 
essentially uniaxial stress applied to an element. For this condition, 
the appropriate value of E is readily assumed to a high degree of 
accuracy. The value of E is usually accepted as being the normal elastic 
modulus of elasticity until the applied stress equals the yield stress, 
and thereafter E is taken as zero. 
In order to find a relatively simple, yet reasonably accurate 
solution to this impasse, it was decided to adopt a changing value of 
E to accommodate a yielded element which still has a reserve load-
carrying capacity. As discussed above, an element has an elastic 
modulus, E, which can be assumed constant until the element yields at 
a longitudinal stress, cr • We also know that at the yield stress; cr , 
a y 
the effective E value is zero. These two conditions were linked with a 
straight line as shown in Fig. 6, to provide a reasonable estimate of 
decr~asing elemental resistance to increased applied longitudinal loading 
in the tension-compression regions of the Tresca. Yield diagram. While 
this approach does not have the rigour of the theory of plastici.ty, it 
was assumed to be a reasonable "first-try" as an acceptable solution. 
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3. RESULTS AND DISCUSSION 
3.1 Initial Comparisons 
The results and discussion presented herein are based on the 
computer program developed on the foregoing theory. In all cases the 
assumed properties of the specimen are: 
D = outside diameter of tube = 22.0 inches 
0 
t = wall thickness = 5/16 inches, and 
cr = material yield stress = 36.0 ksi. y 
Since the results are non-dimensionalized, the section pro-
perties will not affect the graphs produced. These properties were, 
however, chosen because they are the specified properties of specimens 
to be tested in a subsequent experimental program. 
Initially the moment-curvature relation was derived for a 
tubular cross-section with no residual stresses included. It was then 
compared to the results obtained by use of various analytical expressions, 
for example those of Ellis (3). Although results. obtained showed 
reasonable aggrement between the two methods used, enough to check the 
viability of the method, it was not possible to state that the analytical 
expressions were more accurate than the computer solution--in fact the 
reverse is probable. 
· It has also been empirically determined that the shape factor 
of the moment-curvature curve of a perfect thin-walled tube (i.e., the 
ratio of plastic moment to first yield.moment for a member with moment 
applied in only one direction· and no applied axial load) is about 1.27. 
This was the figure derived from this theoretical analysis. 
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3.2 Inclusion of Residual Stresses 
With inclusion of· residual stresses in two directions, and 
the stress relieving considered on an elemental basis (as discussed 
in Sec. 2) a modified m-p-~ curve is expected on a tubular section: 
Figure 7 shows a comparison of an m-p-~ curve for a perfect tubular 
section and that of the same section with consideration given to both 
longitudinal and circumferential residual stresses. The curves com-
pared are for the case when no axial load is present and only uniaxial 
moment is applied. The curve with residual stresses included is 
asymptotic to 1.006 M because, in this orientation, the out-of-balance p 
moment due to the assumed longitudinal residual stress (see Fig. 4) 
is -0.006 M . As expected, the stress relieving phenomena result in p 
the same ultimate section moment being reached for the two cases, but 
that a greater rotation of the section with residual stresses included, 
particularly in the critical area of applied moment = 0.2 to 0.9 M . p 
Two other m-p-~ curves for a column section with residual 
stresses included are presented herein. Figure 8 shows the affect of 
biaxial bending moment being applied to the section. As expected, the 
inclusion of such an effect reduces the ultimate moment capacity of the 
section. The same conclusion is also possible from Fig. 9 which show·s 
the effect of inclusion of axial load on the column.m-p-t curve. 
The above results, as shown in Figs. 7 through 9 correspond 
closely with empirical observations by column manufacturers. 
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4. CONCLUSIONS 
A computer program for analysis of short tubular columns 
under axial load and biaxial bending has been developed, as the first 
stage of a theoretical and experimental res.earch investigation. In 
particular, the computer program allows derivation of the moment-
curvature relations of such columns, in i step-wise iterative procedure 
using the tangent stiffness method. The program attempted to explain 
mathematically observed phenomena in the behavior of fabricated tubular 
columns. The residual stresses involved by plate rolling and longi-
tudinal seam welding of column components introduced complex two-
dimensional stress states into the analysis. An engineering approxi-
mation to allow consideration of elasto-plastic material behavior has 
enabled production of modified moment-curvature relations which appear 
to adequately explain observed phenomena. 
It is considered that the analysis reported herein is a 
necessary prelude to any long-column biaxial bending analysis of a 
tubular column. It is anticipated that such a long-column analysis 
will be undertaken, allowing consideration of the effects of column 
out-of-straightness. 
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7. NOMENCLATURE 
= cross-sectional area 
= elemental cross-sectional area 
= outside diameter of cross-section 
= Young's modulus of elasticity 
= generalized stress vector 
= generalized stress increment vector 
= applied bending moment 
= fully plastic uniaxial bending moment (see Eq. 7) 
= applied bending moment about the x-axis (see Fig. 1) 
= applied bend1.ng moment about the y-axis (see Fig. 1) 
= axial force 
= axial force when section completely yielded (see Eq. 10) 
= see Eq. 4 
= mean radius of cross-section 
= wall thickness of cross-section 
= generalized strain vector 
= generalized strain increment vector 
= plastic section modulus (see Eq. 7) 
= curvature about i axis (x or y) at first yield of the cross-
section under uniaxial bending 
= rotation about the x-axis (see Fig. 1) 
= rotation about the y-axis (see Fig. 1) 
= axial strain 
= axial strain at yield 
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(J = stress 
(J = first yielding stress a 
(J = yield stress y 
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